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GENERALIZED LEBESGUE POINTS FOR HAJ LASZ FUNCTIONS
TONI HEIKKINEN
Abstract. Let X be a quasi-Banach function space over a doubling metric mea-
sure space P . Denote by αX the generalized upper Boyd index of X . We show
that if αX <∞ andX has absolutely continuous quasinorm, then quasievery point
is a generalized Lebesgue point of a quasicontinuous Haj lasz function u ∈ M˙ s,X .
Moreover, if αX < (Q + s)/Q, then quasievery point is a Lebesgue point of u.
As an application we obtain Lebesgue type theorems for Lorentz–Haj lasz, Orlicz–
Haj lasz and variable exponent Haj lasz functions.
1. Introduction and main results
Let P = (P, d, µ) be a doubling metric measure space. By the Lebesgue differ-
entiation theorem, almost every point of a locally integrable function is a Lebesgue
point. As expected, for smoother functions, the set of non-Lebesgue points is smaller.
In [23], Kinnunen and Latvala showed that for a quasicontinuous Haj lasz–Sobolev
function u ∈M1,p(P), p > 1, there exists a set E of M1,p-capacity zero such that
(1.1) lim
r→0
1
µ(B(x, r))
∫
B(x,r)
u(y) dµ(y) = u(x)
for every x ∈ P \ E. The case p = 1 was studied in [25] and [33]. Recently, in [13]
and independently in [3], it was shown that if
(1.2)
µ(B(y, r))
µ(B(x,R))
≥ c
( r
R
)Q
for every x ∈ P, 0 < r ≤ R and y ∈ B(x,R), then for every quasicontinuous
u ∈ M˙s,p with p > Q/(Q+ s), (1.1) holds true outside a set of Ms,p-capacity zero.
If we replace integral averages in (1.1) by medians, then the result holds true also
for small p > 0. For 0 < γ < 1, A ⊂ P and u ∈ L0, denote
mγu(A) = inf
{
a ∈ R : µ({x ∈ A : u(x) > a}) < γµ(A)
}
.
If p > 0 and u ∈ M˙s,p is quasicontinuous, then by [13, Theorem 1.2], there exists a
set E ⊂ P of Ms,p-capacity zero such that
(1.3) lim
r→0
mγu(B(x, r)) = u(x),
for every x ∈ P \ E and 0 < γ ≤ 1/2.
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In this paper, we will study the existence of (generalized) Lebesgue points for
functions u whose Haj lasz gradient belongs to a general quasi-Banach function space
X . This approach allows us to simultaneously cover, for example, Orlicz–Haj lasz,
Lorentz–Haj lasz and variable exponent Haj lasz functions.
For 0 < γ < 1, 0 < R ≤ ∞, u ∈ L0(P) and x ∈ P, denote
MγR u(x) = sup
0<r<R
mγ|u|(B(x, r)).
Operator Mγ = Mγ∞ and its variants have turned out to be useful in harmonic
analysis and in the theory of function spaces, see for example [7], [8], [9], [11], [12],
[13], [14], [15], [16], [17], [18], [19], [20], [27], [28], [29], [32], [36], [37], [39].
Theorem 1.1. Let µ be doubling. Suppose that X has absolutely continuous quasi-
norm and that, for every 0 < γ < 1 and for every ball B ⊂ P, there exists a constant
C such that
(1.4) ‖(Mγ1 g)χB‖X ≤ C‖g‖X
for every g ∈ X. Let 0 < s ≤ 1. Then, for every quasicontinuous u ∈ M˙s,X(P),
there exists a set E ⊂ P with CMs,X (E) = 0 such that
(1.5) lim
r→0
mγ|u−u(x)|(B(x, r)) = 0 and limr→0
mγu(B(x, r)) = u(x)
for every x ∈ P \ E and 0 < γ < 1.
We say that a point x ∈ P satisfying (1.5) for every 0 < γ < 1 is a generalized
Lebesgue point of u.
The (restricted) Hardy–Littlewood maximal function of a locally integrable func-
tion u is
MR u(x) = sup
0<r<R
1
µ(B(x, r))
∫
B(x,r)
|u(y)| dµ(y).
As usual, we denote M =M∞.
Theorem 1.2. Let 0 < s ≤ 1 and let µ satisfy (1.2). Denote q = Q/(Q+s). Suppose
that X has absolutely continuous quasinorm and that, for every ball B ⊂ P, there
exists a constant C such that
(1.6) ‖(M1 g
q)1/qχB‖X ≤ C‖g‖X
for every 0 ≤ g ∈ X. Then, for every quasicontinuous u ∈ M˙s,X(P), quasievery
point is a Lebesgue point of u.
For any quasi-Banach function space X over P, define ΦX : (0, 1)→ [1,∞];
ΦX(γ) = sup
‖f‖X≤1
‖Mγ f‖X .
The generalized upper Boyd index of X is
(1.7) αX = lim
γ→0
log ΦX(γ)
log(1/γ)
.
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The generalized upper Boyd index was introduced in [29], where it was shown that
the Hardy–Littlewood maximal operator is bounded on X(Rn) if and only if αX < 1.
As a corollary of Theorems 1.1 ja 1.2 we have the following result.
Theorem 1.3. Suppose that X has absolutely continuous quasinorm and that µ
satisfies (1.2). Let 0 < s ≤ 1 and let u ∈ M˙s,X(P) be quasicontinuous.
(1) If αX <∞, then quasievery point is a generalized Lebesgue point of u.
(2) If αX < (Q+ s)/Q, then quasievery point is a Lebesgue point of u.
2. Preliminaries
2.1. Basic assumptions. In this paper, P = (P, d, µ) is a metric measure space
equipped with a metric d and a Borel regular, doubling outer measure µ, for which
the measure of every ball is positive and finite. The doubling property means that
there exists a constant cd > 0 such that
µ(B(x, 2r)) ≤ cdµ(B(x, r))
for every ball B(x, r) = {y ∈ P : d(y, x) < r}, where x ∈ P and r > 0.
The doubling condition is equivalent to the existence of constants c and Q such
that (1.2) holds for every 0 < r ≤ R, x ∈ P and y ∈ B(x,R).
The integral average of a locally integrable function u over a set A of positive and
finite measure is
uA =
∫
A
u dµ =
1
µ(A)
∫
A
u dµ.
By χE , we denote the characteristic function of a set E ⊂ P and by R, the
extended real numbers [−∞,∞]. L0 = L0(P) is the set of all measurable, almost
everywhere finite functions u : P → R. In general, C and c are positive constants
whose values are not necessarily same at each occurrence. When we want to stress
that the constant depends on other constants or parameters a, b, . . . , we write C =
C(a, b, . . . ).
2.2. Quasi-Banach function spaces. A quasinorm on a subspace of L0(P) is a
functional ‖ · ‖ such that
• ‖f‖ = 0 ⇐⇒ f = 0 a.e.;
• ‖αf‖ = |α|‖f‖ for every α ∈ R;
• There exists a constant c∆ such that ‖f + g‖ ≤ c∆(‖f‖+ ‖g‖).
A quasi-Banach function space X over P is a subspace of L0(P) equipped with a
complete quasinorm ‖ · ‖X that has the following properties:
• g ∈ X and |f | ≤ |g| a.e. =⇒ f ∈ X and ‖f‖X ≤ ‖g‖X;
• µ(E) <∞ =⇒ ‖χE‖X <∞;
• 0 ≤ fk ↑ f a.e. =⇒ ‖fk‖X ↑ ‖f‖X.
By the Aoki–Rolewicz theorem ([2], [34]), there exists a constant 0 < ρ ≤ 1 such
that
(2.1) ‖
∞∑
k=1
fk‖X ≤ 4
1/ρ(
∞∑
k=1
‖fk‖
ρ
X)
1/ρ
4 TONI HEIKKINEN
for all f1, f2, · · · ∈ X .
A quasinorm ‖·‖X onX is absolutely continuous if ‖fχEk‖X → 0 whenever f ∈ X
and (Ek)
∞
k=1 is a decreasing sequence of sets such that ∩
∞
k=1Ek = ∅.
2.3. Haj lasz spaces. Let 0 < s <∞. A measurable function g : P → [0,∞] is an
s-gradient of a function u ∈ L0(P) if there exists a set E ⊂ P with µ(E) = 0 such
that for all x, y ∈ X \ E,
(2.2) |u(x)− u(y)| ≤ d(x, y)s(g(x) + g(y)).
The collection of all s-gradients of u is denoted by Ds(u).
The homogeneous Haj lasz space M˙s,X = M˙s,X(P) consists of measurable functions
u for which
‖u‖M˙s,X = inf
g∈Ds(u)
‖g‖X
is finite. The Haj lasz space Ms,X = Ms,X(P) is M˙s,X ∩X equipped with the norm
‖u‖Ms,X = ‖u‖X + ‖u‖M˙s,X .
Haj lasz spaces Ms,p(P) =Ms,L
p
(P), were intruduced in [10] for s = 1, p ≥ 1 and
in [38] for fractional scales. Recall that for p > 1, M1,p(Rn) = W 1,p(Rn), see [10],
whereas for n/(n + 1) < p ≤ 1, M1,p(Rn) coincides with the Hardy–Sobolev space
H1,p(Rn) by [26, Thm 1].
Next two lemmas for s-gradients follow easily from the definition, see [24, Lemmas
2.4] and [23, Lemma 2.6].
Lemma 2.1. Let u, v ∈ L0(P), g ∈ Ds(u) and h ∈ Ds(v). Then max{g, h} is an
s-gradient of functions max{u, v} and min{u, v}.
Lemma 2.2. Let ui ∈ L
0(P) and gi ∈ D
s(ui), i ∈ N. Let u = supi∈N ui and
g = supi∈N gi. If u ∈ L
0(P), then g ∈ Ds(u).
The following lemma is essentially [13, Lemma 7.2].
Lemma 2.3. Let 0 < s ≤ 1 and let S ⊂ P be a measurable set. Let u : P → R be
a measurable function with g ∈ Ds(u) and let ϕ be a bounded L-Lipschitz function
supported in S. Then
h =
(
‖ϕ‖∞g + (2‖ϕ‖∞
)1−s
Ls|u|)χS ∈ D
s(uϕ).
Consequently, there exists a constant C = C(s, ‖ϕ‖∞, L) such that
‖uϕ‖Ms,X ≤ C(‖uχS‖X + inf
g∈Ds(u)
‖gχS‖X)
for every u ∈ M˙s,X .
Lemma 2.4. Let 0 < s ≤ 1 and suppose that X has absolutely continuous quasi-
norm. Then s-Ho¨lder continuous functions are dense in Ms,X .
Proof. Let u ∈Ms,X , g ∈ Ds(u)∩X and let E be the exceptional set for (2.2). Then
u is s-Ho¨lder continuous with constant 2λ in the set Eλ = {x ∈ P \ E : g(x) ≤ λ}.
By [30], there is an extension uλ of u|Eλ to P such that uλ is s-Ho¨lder continuous
with constant 2λ. It is easy to see that (g + 3λ)χP\Eλ ∈ D
s(u − uλ), see [35,
GENERALIZED LEBESGUE POINTS FOR HAJ LASZ FUNCTIONS 5
Proposition 4.5]. By the absolute continuity of ‖ · ‖X , ‖(g + 3λ)χP\Eλ‖X → 0 and
‖u− uλ‖X ≤ 2‖uχP\Eλ‖X → 0 as λ→ 0. 
2.4. γ-median. Let 0 < γ < 1. The γ-median of a measurable function u : P → R
over a set A of finite measure is
mγu(A) = inf
{
a ∈ R : µ({x ∈ A : u(x) > a}) < γµ(A)
}
.
Note that if u ∈ L0(A) and 0 < µ(A) <∞, then mγu(A) is finite.
In the following lemma, we list some basic properties of the γ-median. Properties
(a), (b), (d), (f) and (g) follow from [32, Propositions 1.1 and 1.2] and (h) and (i)
from [32, Theorem 2.1]. The remaining properties (c) and (e) follow immediately
from the definition.
Lemma 2.5. The γ-median has the following properties:
(a) If γ ≤ γ′, then mγu(A) ≥ m
γ′
u (A).
(b) If u ≤ v almost everywhere, then mγu(A) ≤ m
γ
v(A).
(c) If A ⊂ B and µ(B) ≤ Cµ(A), then mγu(A) ≤ m
γ/C
u (B).
(d) If c ∈ R, then mγu(A) + c = m
γ
u+c(A).
(e) If c > 0, then mγc u(A) = cm
γ
u(A).
(f) |mγu(A)| ≤ m
min{γ,1−γ}
|u| (A).
(g) mγu+v(A) ≤ m
γ/2
u (A) +m
γ/2
v (A).
(h) If u is continuous, then for every x ∈ P,
lim
r→0
mγu(B(x, r)) = u(x).
(i) If u ∈ L0(P), then there exists a set E with µ(E) = 0 such that
lim
r→0
mγu(B(x, r)) = u(x)
for every 0 < γ < 1 and x ∈ P \ E.
2.5. Discrete maximal functions. In this subsection, we define ”discrete” ver-
sions of the Hardy–Littlewood maximal function
MR u(x) = sup
0<r<R
|u|B(x,r).
and the median maximal function
MγR u(x) = sup
0<r<R
mγ|u|(B(x, r)).
We first recall the definition of a discrete convolution. Discrete convolutions are
basic tools in harmonic analysis in homogeneous spaces, see for example [5] and [31].
The following lemma is well known.
Lemma 2.6. For every r > 0, there exists a collection of balls {Bi = B(xi, r) : i ∈
I}, where I ⊂ N, and functions ϕi : P → [0, 1], i ∈ I, with the following properties:
(a) The balls B(xi, r/2), i ∈ I, cover P.
(b)
∑
i∈I
χ2Bi ≤ C.
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(c) For every i ∈ I, ϕi is C/r-Lipschitz, ϕi ≥ C
−1 on Bi and ϕi = 0 outside
2Bi.
(d)
∑
i∈I ϕi = 1.
Here, the constant C depends only on the doubling constant cd.
For each scale r > 0, we choose a collection of balls {Bi : i ∈ I} and a collection
of functions {ϕi : i ∈ I} satisfying conditions (a)–(d) of Lemma 2.6.
Definition 2.7. The discrete convolution of a locally integrable function u at the
scale r is
(2.3) ur =
∑
i∈I
uBiϕi,
where {Bi : i ∈ I} and {ϕi : i ∈ I} are the chosen collections of balls and functions
for the scale r.
The discrete maximal function of u is M∗R u : P → R,
M∗R u(x) = sup
q∈Q,0<q<R
|u|q(x).
The discrete maximal function, which can be seen as a smooth version of the
Hardy–Littlewood maximal function, was introduced in [23].
Similarly, we define median versions of a discrete convolution and a discrete max-
imal function.
Definition 2.8. Let 0 < γ < 1. The discrete γ-median convolution of a function
u ∈ L0 at scale r > 0 is
uγr =
∑
i∈I
mγu(Bi)ϕi,
where {Bi : i ∈ I} and {ϕi : i ∈ I} are as in the definition 2.7.
The discrete γ-median maximal function of u is Mγ,∗R u : P → R,
Mγ,∗R u(x) = sup
q∈Q,0<q<R
|u|γq (x).
As a supremum of continuous functions, the discrete maximal functions are lower
semicontinuous and hence measurable.
Lemma 2.9. Let 0 < R ≤ ∞. There exists a constant C = C(cd) ≥ 1 such that
(2.4) C−1MR/2 u ≤M
∗
R u ≤ CM3R u
for every u ∈ L1
loc
and
(2.5) MγR/2 u ≤ CM
γ/C,∗
R u and M
γ,∗
R u ≤ CM
γ/C
3R u
for every u ∈ L0 and 0 < γ < 1.
Proof. We will prove (2.5). The proof of (2.4) is similar. Let x ∈ P, r > 0 and let
uγr =
∑
i∈I m
γ
u(Bi)ϕi be as in the definition 2.8. If x ∈ 2Bi, then Bi ⊂ B(x, 3r). By
the doubling property, µ(B(x, 3r)) ≤ Cµ(Bi), and so, by Lemma 2.5(c), m
γ
u(Bi) ≤
m
γ/C
u (B(x, 3r)). Since
∑
i∈I χ2Bi(x) ≤ C, it follows that
uγr (x) ≤ Cm
γ/C(B(x, 3r)).
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On the other hand, since the balls 1
2
Bi, i ∈ I, cover P, there is i ∈ I such that
B(x, r/2) ⊂ Bi. By the doubling property, µ(Bi) ≤ Cµ(B(x, r/2)), and so, by
Lemma 2.5(c), mγu(B(x, r/2)) ≤ m
γ/C
u (Bi). Since ϕi ≥ C
−1 on Bi, we have that
mγu(B(x, r/2)) ≤ Cu
γ/C
r (x).
The claim (2.5) follows immediately from these estimates. 
3. Capacity
In this section, we define theMs,X-capacity and prove some of its basic properties.
Definition 3.1. Let 0 < s <∞. The Ms,X-capacity of a set E ⊂ P is
CMs,X (E) = inf
{
‖u‖Ms,X : u ∈ AMs,X (E)
}
,
where
AMs,X(E) =
{
u ∈Ms,X : u ≥ 1 on a neighbourhood of E
}
is a set of admissible functions for the capacity. We say that a property holds
quasieverywhere if it holds outside a set of Ms,X -capacity zero.
Remark 3.2. Lemma 2.1 easily implies that
CMs,X (E) = inf
{
‖u‖Ms,X : u ∈ A
′
Ms,X (E)
}
,
where A′Ms,X(E) = {u ∈ AMs,X(E) : 0 ≤ u ≤ 1}.
Remark 3.3. It is easy to see that the Ms,X -capacity is an outer capacity, which
means that
CMs,X (E) = inf
{
CMs,X (U) : U ⊃ E, U is open
}
.
The Ms,X-capacity is not generally subadditive, but for most purposes, it suffices
that it satisfies inequality (3.1) below.
Lemma 3.4. Let 0 < s <∞ and let ρ be the constant from (2.1). Then
(3.1) CMs,X
(⋃
i∈I
Ei
)ρ
≤ 8
∑
i∈I
CMs,X (Ei)
ρ
whenever Ei ⊂ P, i ∈ I ⊂ N.
Proof. Let ε > 0. We may assume that
∑
i∈I CMs,X(Ei)
ρ <∞. There are functions
ui ∈ A
′
Ms,X(Ei) with gi ∈ D
s(ui) such that(
‖ui‖X + ‖gi‖X
)ρ
< CMs,X (Ei)
ρ + 2−iε.
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By Lemma 2.2, u = supi∈I ui ∈ A
′
Ms,X (∪i∈IEi) and g = supi∈I gi ∈ D
s(u). Hence
CMs,X
(⋃
i∈I
Ei
)ρ
≤ (‖u‖X + ‖g‖X)
ρ
≤ ‖u‖ρX + ‖g‖
ρ
X
≤ 4
∑(
‖ui‖
ρ
X + ‖gi‖
ρ
X
)
≤ 8
∑(
‖ui‖X + ‖gi‖X
)ρ
≤ 8
(
ε+
∑
i∈I
CMs,X (Ei)
ρ
)
and the claim follows by letting ε→ 0. 
A function u : P → [−∞,∞] is quasicontinuous if for every ε > 0, there exists a
set E ⊂ P such that CMs,X (E) < ε and the restriction of u to P \ E is continuous.
By Remark 3.3, the set E can be chosen to be open.
The following lemma follows from a result of Kilpela¨inen [21].
Lemma 3.5. Suppose that u and v are quasicontinuous. If u = v almost everywhere
in an open set U , then u = v quasieverywhere in U .
Lemma 3.6. Suppose that X has absolutely continuous quasi-norm. Then, for every
u ∈ M˙s,X , there exists quasicontinuous u∗ such that u = u∗ almost everywhere.
Proof. Suppose first that u ∈Ms,X . By Lemma 2.4, there are continuous functions
ui ∈ M
s,X converging to u in Ms,X such that
‖ui − ui+1‖Ms,X < 2
−2i
for every i ∈ N. Moreover, by [4, Lemma 3.3], we may assume that ui → u pointwise
almost everywhere. Denote Ei = {x ∈ P : |ui(x)−ui+1(x)| > 2
−i} and Fj = ∪
∞
i=jEi.
Then
|uj − uk| ≤
k−1∑
i=j
|ui − ui+1| ≤
k−1∑
i=j
2−i = 21−j
in P \ Fj for every k > j. Hence (ui) converges pointwise in P \ ∩
∞
j=1Fj and the
convergence is uniform in P \ Fj. By continuity, 2
i|ui − ui+1| ∈ AMs,X(Ei) and so
CMs,X (Ei) ≤ 2
i‖ui − ui+1‖Ms,X < 2
−i
for every i ∈ N. Hence, by Lemma 3.4,
CMs,X (Fj)
ρ ≤ 8
∞∑
i=j
CMs,X (Ei)
ρ ≤ C2−jρ,
which implies that CMs,X (∩
∞
j=1Fj) = 0. It follows that the function u
∗ = lim supi→∞ ui
is quasicontinuous. Moreover, u∗ = limi→∞ ui = u almost everywhere.
Suppose then that u ∈ M˙s,X . Let x ∈ P. For k ∈ N, let ϕk be a Lipschitz
function of bounded support such that ϕk = 1 in B(x, k). Then, by Lemma 2.3,
uk = uϕk ∈ M
s,X . By the first part of the proof, there exists quasicontinuous u∗k
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such that u∗k = uk almost everywhere. Since u
∗
k+1 = u = u
∗
k almost everywhere
in B(x, k), Lemma 3.5 implies that there exists Ek with CMs,X (Ek) = 0 such that
u∗k+1 = u
∗
k in B(x, k)\Ek. It follows that the limit limk→∞ u
∗
k exists in P \E, where,
by Lemma 3.4, E = ∪∞k=1Ek is of M
s,X-capacity zero. Define u∗ = lim supk→∞ u
∗
k.
Then, clearly u∗ = u almost everywhere. Let ε > 0. For every k ∈ N, there exists Uk
with CMs,X (Uk) < 2
−kε such that u∗k |P\Uk is continuous. It follows that u
∗
|P\∪∞
k=1Uk∪E
is continuous and, by Lemma 3.4, CMs,X (∪
∞
k=1Uk ∪ E) < ε. 
The following lemma gives a useful characterization of the capacity in terms of
quasicontinuous functions. The proof of the lemma is essentially same as the proof
of [22, Theorem 3.4]. For E ⊂ P, denote
QAMs,X (E) = {u ∈ M
s,X : u is quasicontinuous
and u ≥ 1 quasieverywhere in E}
and
C˜Ms,X (E) = inf
u∈QA
Ms,X
(E)
‖u‖Ms,X .
Lemma 3.7. Suppose that X has absolutely continuous quasinorm. Then
C˜Ms,X (E) ≤ CMs,X(E) ≤ c∆ C˜Ms,X(E)
for every E ⊂ P.
Proof. To prove the first inequality, let u ∈ AMs,X(E) and let u
∗ be a quasicontinuous
representative of u. Since u ≥ 1 in some open set U containing E and u∗ = u almost
everywhere, it follows that min{0, u∗ − 1} = 0 almost everywhere in U . Since
min{0, u∗−1} is quasicontinuous, the equality actually holds quasieverywhere in U .
Hence u∗ ≥ 1 quasieverywhere in U , which implies that u∗ ∈ QAMs,X (E).
For the second inequality, let v ∈ QAMs,X (E). By truncation, we may assume
that 0 ≤ u ≤ 1. Fix 0 < ε < 1, and choose an open set V with CMs,X(V ) < ε so
that v = 1 on E \ V and that v is continuous in P \ V . By continuity, there is an
open set U ⊂ P such that
{x ∈ P : v(x) > 1− ε} \ V = U \ V.
Clearly, E \ V ⊂ U \ V . Choose u ∈ AMs,X(V ) such that ‖u‖Ms,X < ε and that
0 ≤ u ≤ 1. Define w = v/(1− ε) + u. Then w ≥ 1 on (U \ V ) ∪ V = U ∪ V which
is an open neighbourhood of E. Hence w ∈ AMs,X(E) and so
CMs,X (E) ≤ ‖w‖Ms,X ≤ c∆
( 1
1− ε
‖v‖Ms,X + ‖u‖Ms,X
)
≤ c∆
( 1
1− ε
‖v‖Ms,X + ε
)
.
Since ε > 0 and v ∈ QAMs,X (E) are arbitrary, the desired inequality CMs,X (E) ≤
c∆ C˜Ms,X(E) follows. 
4. Generalized Lebesgue points
In this section, we prove the first main result of the paper, Theorem 1.1. The
main ingredient of the proof of is a capacitary weak type estimate, Theorem 4.2
below.
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Lemma 4.1. Let 0 < s ≤ 1, 0 < γ ≤ 1/2 and 0 < R < ∞. Let u ∈ L0 and
g ∈ Ds(u) ∩ L0. Then there exists a constant C ≥ 1 such that CM
γ/C
3R g is an
s-gradient of Mγ,∗R u.
Proof. Let r > 0. By the definition of the discrete γ-median convolution uγr and by
the properties of the functions ϕi,
uγr = u+
∑
i∈I
(mγu(Bi)− u)ϕi.
By Lemma 2.3, function
(g + Cr−s|u−mγu(Bi)|)χ2Bi
is an s-gradient of function (mγu(Bi)− u)ϕi for each i.
Let x ∈ 2Bi \ E, where E is the exceptional set for (2.2). Using Lemma 2.5 and
the facts that Bi ⊂ B(x, 3r) and µ(B(x, 3r)) ≤ Cµ(Bi), we obtain
|u(x)−mγu(Bi)| ≤ m
γ
|u−u(x)|(Bi) ≤ Cr
s
(
mγg (Bi) + g(x)
)
≤ Crs
(
mγ/Cg (B(x, 3r)) + g(x)
)
≤ Crs(g(x) +M
γ/C
3r g(x)).
Since g(x) ≤ M
γ/C
3r g(x) for almost every x and since the balls 2Bi have bounded
overlap, it follows that
CM
γ/C
3r g ∈ D
s(uγr ),
for every r > 0. Consequently, by Lemma 2.2,
CM
γ/C
3R g ∈ D
s(Mγ,∗R u)
as desired. 
Theorem 4.2. Suppose that the assumptions of Theorem 1.1 are in force. Then,
for every ball B = B(x0, r) and for every 0 < γ < 1, there exists a constant C such
that
CMs,X
(
{x ∈ B :Mγ,∗1/3 u(x) > λ}
)
≤ Cλ−1‖u‖Ms,X
for every u ∈Ms,X and λ > 0.
Proof. Since Mγ,∗1/3 u ≤ M
γ′,∗
1/3 u when γ
′ ≤ γ, it suffices to prove the claim for
0 < γ ≤ 1/2. Let u ∈Ms,X and let ϕ : P → [0, 1] be a Lipschitz function such that
ϕ = 1 in B(x0, r + 4/3) and ϕ = 0 outside B(x0, r + 2). Then M
γ,∗
1/3 u =M
γ,∗
1/3(uϕ)
in B and so
{x ∈ B :Mγ,∗1/3 u(x) > λ} ⊂ {x ∈ P :M
γ,∗
1/3(uϕ)(x) > λ}.
By (2.5) and (1.4),
‖Mγ,∗1/3(uϕ)‖X ≤ C‖M
γ/C
1 (uϕ)‖X ≤ C‖(M
γ/C
1 u)χB(x0,r+3)‖X ≤ C‖u‖X
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and, by Lemma 4.1, Lemma 2.3 and (1.4),
‖Mγ,∗1/3(uϕ)‖M˙s,X ≤ C inf
g∈Ds(uϕ)
‖M
γ/C
1 g‖X ≤ C inf
g∈Ds(u)
‖M
γ/C
1 ((u+ g)χB(x0,r+2))‖X
≤ C inf
g∈Ds(u)
‖(Mγ/C1 (u+ g))χB(x0,r+3))‖X
≤ C inf
g∈Ds(u)
‖u+ g‖X ≤ C‖u‖Ms,X .
Hence,Mγ,∗1/3(uϕ) ∈M
s,X . SinceMγ,∗1/3(uϕ) is lower semicontinuous, λ
−1Mγ,∗1/3(uϕ) ∈
AMs,X ({x ∈ P :M
γ,∗
1/3(uϕ) > λ}). Thus,
CMs,X ({x ∈ P :M
γ,∗
1/3(uϕ) > λ}) ≤ λ
−1‖Mγ,∗1/3(uϕ)‖Ms,X ≤ Cλ
−1‖u‖Ms,X
and the claim follows. 
Lemma 4.3. Suppose that X has absolutely continuous quasinorm and that B is a
ball such that, for every 0 < γ < 1 and λ > 0,
(4.1) lim
k→∞
CMs,X ({x ∈ B : lim sup
r→0
mγ|uk|(B(x, r)) > λ}) = 0.
whenever limk→∞ ‖uk‖Ms,X = 0. Then, for every quasicontinuous u ∈M
s,X , quasiev-
ery point in B is a generalized Lebesgue point of u.
Proof. By Lemma 2.4, continuous functions are dense in Ms,X . Let u ∈ Ms,X be
quasicontinuous and let vk ∈M
s,X , k = 1, 2, . . . , be continuous such that
‖u− vk‖Ms,X → 0
as k →∞. Denote wk = u− vk. Fix 0 < γ < 1 and λ > 0. By Lemma 2.5,
lim sup
r→0
mγ|u−u(x)|(B(x, r)) ≤ lim sup
r→0
m
γ/2
|vk−vk(x)|
(B(x, r)) + lim sup
r→0
m
γ/2
|wk−wk(x)|
(B(x, r))
≤ lim sup
r→0
m
γ/2
|wk|
(B(x, r)) + |wk(x)|.
Hence, by Lemma 3.4,
CMs,X ({x ∈ B : lim sup
r→0
mγ|u−u(x)|(B(x, r)) > λ})
ρ
≤ 8CMs,X({x ∈ B : lim sup
r→0
m
γ/2
|wk|
(B(x, r)) > λ/2})ρ
+ 8CMs,X ({x ∈ B : |wk(x)| > λ/2})
ρ.
By assumption,
CMs,X({x ∈ B : lim sup
r→0
m
γ/2
|wk|
(B(x, r)) > λ/2})→ 0
as k →∞. Since |wk| is quasicontinuous, Lemma 3.7 gives
CMs,X ({x ∈ B : |wk(x)| > λ/2}) ≤ CC˜Ms,X({x ∈ B : |wk(x)| > λ/2})
≤ C2λ−1‖wk‖Ms,X → 0
as k →∞. It follows that
CMs,X ({x ∈ B : lim sup
r→0
mγ|u−u(x)|(B(x, r)) > λ}) = 0
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for every 0 < γ < 1 and λ > 0. Denote
E = {x ∈ B : lim sup
r→0
mγ|u−u(x)|(B(x, r)) > 0 for some 0 < γ < 1}.
Then
E =
⋃
n,m≥2
{x ∈ B : lim sup
r→0
m
1/m
|u−u(x)|(B(x, r)) > 1/n}
and so, by Lemma 3.4, CMs,X(E) = 0. Since, by Lemma 2.5,
|mγu(B(x, r))− u(x)| = |m
γ
u−u(x)(B(x, r))| ≤ m
min{γ,1−γ}
|u−u(x)| (B(x, r)),
the claim follows. 
Proof of Theorem 1.1. Let u ∈ M˙s,X be quasicontinuous. Fix x ∈ P and, for k ∈ N,
let ϕk : P → [0, 1] be a Lipschitz function of bounded support such that ϕk = 1
in B(x, k). Then, by Lemma 2.3, uk = uϕk ∈ M
s,X . By Theorem 4.2, Lemma 2.9
and Lemma 4.3, for every k, quasievery point is a generalized Lebesgue point of
uk. Hence, for every k ∈ N, quasievery point in B(x, k) is a generalized Lebesgue
point of u. Thus, by Lemma 3.4, quasievery point is a generalized Lebesgue point
of u. 
5. Lebesgue points
In this section we prove Theorem 1.2.
Lemma 5.1. Suppose that µ satisfies (1.2). Let 0 < s ≤ 1, R > 0, u ∈ L0 and
g ∈ Ds(u) ∩ Lq
loc
where q = Q/(Q + s). Then there exists a constant C such that
C(M6R g
q)1/q is an s-gradient of M∗R u.
Proof. By the Sobolev–Poincare´ inequality ([9, Lemma 2.2]), u is locally integrable
and there exists a constant C such that
(5.1) inf
c∈R
|u− c|B(x,r) ≤ Cr
s((gq)B(x,2r))
1/q
for every x ∈ P and r > 0.
Fix r > 0. By the definition of the discrete convolution ur and by the properties
of the functions ϕi,
ur = u+
∑
i∈N
(uBi − u)ϕi.
By Lemma 2.3, function
(g + Cr−s|u− uBi |)χ2Bi
is an s-gradient of the function (uBi−u)ϕi for each i. A standard chaining argument
and (5.1) imply that, for almost every x ∈ 2Bi ,
|u(x)− uBi| ≤ C(M6r g
q(x))1/q.
Since g(x) ≤ (M6r g
q(x))1/q, for almost every x, and since the balls 2Bi have
bounded overlap, it follows that
C(M6r g
q)1/q ∈ Ds(ur).
The claim follows by Lemma 2.2. 
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Lemma 5.2. Let u ∈ M˙s,X be such that u = 0 outside B = B(x0, r) and suppose
that there exists y0 ∈ P such that d(x0, y0) = 3r. Then there exists a constant C
such that ‖u‖Ms,X(P) ≤ C infg∈Ds(u) ‖gχ4B‖X .
Proof. Let g ∈ Ds(u). Then gχ2B + r
−su ∈ Ds(u). Indeed, if x, y ∈ 2B, then, by
definition,
|u(x)− u(y)| ≤ d(x, y)s(g(x) + g(y)),
and if one of the points, say x, does not belong to 2B, then
|u(x)− u(y)| = |u(y)| ≤ d(x, y)sr−s|u(y)|.
Hence, it suffices to show that ‖u‖X ≤ C‖gχ4B‖X . For almost every x ∈ B,
|u(x)| ≤ 5srs
(
g(x) + ess inf
y∈4B\2B
g(y)
)
.
Since B(y0, r) ⊂ 4B \ 2B, we have that µ(4B \ 2B) > 0. Clearly,
(ess inf
4B\2B
g)‖χ4B\2B‖X ≤ ‖gχ4B‖X .
Hence
‖u‖X = ‖uχB‖X
≤ C
(
‖gχB‖X + (ess inf
4B\2B
g)‖χB‖X
)
≤ C
(
‖gχB‖X +
‖χB‖X
‖χ4B\2B‖X
‖gχ4B‖X
)
≤ C‖gχ4B‖X .

Theorem 5.3. Suppose that the assumptions of Theorem 1.2 are in force. Let
B = B(x0, r) be a ball and assume that the sphere {y : d(y, x0) = 6r} is nonempty.
Then there exist constants C ≥ 1 and R > 0 such that
CMs,X
(
{x ∈ B :M∗R u(x) > λ}
)
≤ Cλ−1‖u‖Ms,X
for every u ∈Ms,X and λ > 0.
Proof. Let R = 1
9
min{1, r} and let ϕ : P → [0, 1] be a Lipschitz function such that
ϕ = 1 in B(x0, r + 4R) and ϕ = 0 outside B(x0, r + 5R). Then, by Lemma 2.3,
uϕ ∈Ms,X and
(5.2) ‖uϕ‖Ms,X ≤ C‖u‖Ms,X .
If x ∈ B, then M∗R u(x) =M
∗
R(uϕ)(x). Hence,
{x ∈ B :M∗R u(x) > λ} ⊂ {x ∈ P : λ
−1M∗R(uϕ)(x) > 1}.
If x ∈ P \ B(x0, r + 9R), then M
∗
r(uϕ)(x) = 0. In particular, M
∗
r(uϕ) = 0 outside
2B. Hence, by Lemma 5.1 and Lemma 5.2, M∗R(uϕ) ∈M
s,X and
‖M∗R(uϕ)‖Ms,X ≤ C inf
g∈Ds(M∗R(uϕ))
‖gχ8B‖X ≤ C inf
g∈Ds(uϕ)
‖(M6R g
q)1/qχ8B‖X ,
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where q = Q/(Q+ s). Since M∗R(uϕ) is lower semicontinuous, it follows that
CMs,X
(
{x ∈ B :M∗R u(x) > λ}
)
≤ λ−1‖M∗R(uϕ)‖Ms,X
≤ Cλ−1 inf
g∈Ds(uϕ)
‖(M6R g
q)1/qχ8B‖X .
The fact that 6R < 1, assumption (1.6) and (5.2) imply that
inf
g∈Ds(uϕ)
‖(M6R g
q)1/qχ8B‖X ≤ inf
g∈Ds(uϕ)
‖(M1 g
q)1/qχ8B‖X
≤ inf
g∈Ds(uϕ)
‖g‖X
≤ ‖uϕ‖Ms,X
≤ C‖u‖Ms,X
and the claim follows. 
The proof of the next lemma, which is very similar to the proof of Lemma 4.3,
will be omitted.
Lemma 5.4. Suppose that ‖ · ‖X is absolutely continuous and that B ⊂ P is ball
such that, for every λ > 0,
(5.3) lim
i→∞
CMs,X({x ∈ B : lim sup
r→0
|ui|B(x,r) > λ}) = 0
whenever limi→∞ ‖ui‖Ms,X = 0. Then, for every quasicontinuous u ∈M
s,X , quasiev-
ery point in B is a Lebesgue point of u.
Proof of Theorem 1.2. We may assume that P contains at least two points. Then P
can be covered by balls Bk = B(xk, rk), k ∈ I, where I ⊂ N, such that the spheres
{y : d(xk, y) = 6rk} are nonempty.
Let u ∈ M˙s,X be quasicontinuous and, for k ∈ I, let ϕk be a Lipschitz function of
bounded support such that ϕk = 1 in B(xk, rk). Then, by Lemma 2.3, uk = uϕk ∈
Ms,X . By Theorem 5.3, Lemma 2.9 and Lemma 5.4, for every k ∈ I, quasievery
point in Bk is a Lebesgue point of uk and hence of u. Hence, by Lemma 3.4,
quasievery point in P is a Lebesgue point of u. 
6. Proof of Theorem 1.3
If αX <∞, then clearly M
γ is bounded on X . Hence, the first part of Theorem
1.3 follows from Theorem 1.1. The second part follows from Theorem 1.2 via the
following lemma.
Lemma 6.1. Let p ≤ 1. If αX < 1/p, then the operator u 7→ (M|u|
p)1/p is bounded
on X.
Proof. By assumption, there are constants α < 1/p and C > 0 such that
(6.1) ‖Mγ u‖X ≤ Cγ
−α‖u‖X.
for every u ∈ X and 0 < γ < 1. Denote by v∗ the decreasing rearrangement of a
function v, that is,
v∗(t) = inf
{
a ≥ 0 : µ({x ∈ P : |v(x)| > a}) < t}.
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Then, for every ball B, we have∫
B
|u|p dµ =
1
µ(B)
∫ µ(B)
0
(uχB)
∗(t)p dt =
∫ 1
0
(uχB)
∗(γµ(B))p dγ =
∫ 1
0
mγ|u|(B)
p dγ.
Hence,
M |u|p(x) ≤
∫ 1
0
Mγ u(x)p dγ ≤
∞∑
i=1
2−iM2
−i
u(x)p.
Let 0 < ε < 1 be such that α < ε/p. By the Ho¨lder inequality, we obtain
(M |u|p(x))1/p ≤ C
∞∑
i=1
2−iε/pM2
−i
u(x).
Thus, by (6.1) and (2.1),
‖(M |u|p)1/p‖X ≤ C‖
∞∑
i=1
2−iε/pM2
−i
u‖X ≤ C(
∞∑
i=1
‖2−iε/pM2
−i
u‖σX)
1/σ
≤ C(
∞∑
i=1
2−i(ε/p−α)σ)1/σ‖u‖X ≤ C‖u‖X .

7. Examples
7.1. Lorentz spaces. For 0 < p <∞, 0 < q ≤ ∞ and u ∈ L0, denote
‖u‖Lp,q =
(∫ ∞
0
λqµ({x ∈ P : |u(x)| > λ})q/p
dλ
λ
)1/q
when 0 < q <∞ and
‖u‖Lp,∞ = sup
λ>0
λµ({x ∈ P : |u(x)| > λ})1/p.
Then Lp,q = {u ∈ L0 : ‖u‖Lp,q < ∞} equipped with ‖ · ‖Lp,q is a quasi-Banach
function space. If 0 < p, q <∞, quasinorm ‖ · ‖Lp,q is absolutely continuous.
Lemma 7.1. There exists a constant C = C(cd) such that
(7.1) µ({x ∈ P :Mγ u(x) > λ}) ≤ Cγ−1µ({x ∈ P : |u(x)| > λ})
for every u ∈ L0 and λ > 0.
Proof. It follows easily from the definitions that, for every u ∈ L0, x ∈ P, 0 < γ < 1
and λ > 0, we have
Mγ u(x) > λ ⇐⇒ Mχ{y∈P:|u(y)|>λ}(x) > γ.
Hence, the claim follows from the well-known weak type inequality for the Hardy–
Littlewood maximal operator. 
The following lemma is an immediate consequence of Lemma 7.1.
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Lemma 7.2. Let 0 < p <∞ and 0 < q ≤ ∞. There exists a constant C = C(cd, p)
such that
‖Mγ u‖Lp,q ≤ Cγ
−1/p‖u‖Lp,q
for every u ∈ Lp,q and 0 < γ < 1. Consequently, αLp,q ≤ 1/p.
Lemma 7.2 and Theorem 1.3 imply the following result for Lorentz–Haj lasz func-
tions.
Theorem 7.3. Let 0 < s ≤ 1, 0 < p, q <∞ and let u ∈ M˙s,L
p,q
be quasicontinuous.
Then quasievery point is a generalized Lebesgue point of u. Moreover, if p > Q/(Q+
s), then quasievery point is a Lebesgue point of u.
7.2. Orlicz spaces. Let Φ : [0,∞) → [0,∞) be a continuous increasing function
and suppose that there exists a constant C ≥ 1 such that
(7.2) Φ(t/C) ≤ Φ(t)/2
for every t > 0. Then
LΦ = {u ∈ L0 :
∫
P
Φ(|u|/λ)dµ <∞ for some λ > 0}
equipped with a quasi-norm
‖u‖LΦ = inf{λ > 0 :
∫
P
Φ(|u|/λ)dµ ≤ 1}
becomes a quasi-Banach function space.
It is easy to see that (7.2) is equivalent to the existence of constants C0 ≥ 1 and
β > 0 such that
(7.3) Φ(s) ≤ C0(s/t)
βΦ(t)
whenever 0 < s ≤ t <∞.
A function Φ : [0,∞)→ [0,∞) is doubling, if there exists a constant C such that
(7.4) Φ(2t) ≤ CΦ(t)
for every t > 0. It is easy to see that if Φ is doubling, then ‖ · ‖Lφ is absolutely
continuous.
Lemma 7.4. Let Φ satisfy (7.3). Then there exists a constant C such that
‖Mγ u‖LΦ ≤ Cγ
−1/β‖u‖LΦ
for every u ∈ LΦ and 0 < γ < 1. Consequently, αLΦ ≤ 1/β.
Proof. We may assume ‖u‖LΦ ≤ 1. Since Φ(M
γ u) =Mγ Φ(u) and, by Lemma 7.1,
‖Mγ v‖L1 ≤ C1γ
−1‖v‖L1 for all v ∈ L
1, we have that
‖Φ((Mγ u)/λ)‖L1 ≤ C0λ
−β‖Φ(Mγ u)‖L1 = C0λ
−β‖MγΦ(u)‖L1
≤ C0C1λ
−βγ−1‖Φ(u)‖L1 ≤ C0C1λ
−βγ−1 ≤ 1
when λ ≥ (C0C1)
1/βγ−1/β. 
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By combining Theorem 1.3 and Lemma 7.4, we obtain the following result for
Orlicz–Haj lasz spaces Ms,Φ := Ms,L
Φ
.
Theorem 7.5. Suppose that µ satisfies (1.2) and that Φ is doubling and satisfies
(7.2). Let 0 < s ≤ 1 and let u ∈ M˙s,Φ be quasicontinuous. Then quasievery point is
a generalized Lebesgue point of u. Moreover, if Φ satisfies (7.3) with β > Q/(Q+s),
then quasievery point is a Lebesgue point of u.
7.3. Variable exponent spaces. Let p : P → (0,∞) be a measurable function.
The space Lp(·) consisting of functions u for which∫
P
(|u(x)|/λ)p(x)dµ(x) <∞
for some λ > 0 equipped with quasinorm
‖u‖Lp(·) = inf{λ > 0 :
∫
P
(|u(x)|/λ)p(x)dµ(x) ≤ 1}
is a quasi-Banach function space.
A measurable function p : P → (0,∞) is locally log-Ho¨lder continuous if there
exists a constant Cp > 0 such that
(7.5) |p(x)− p(y)| ≤ Cp/ log(e + 1/d(x, y))
for all x, y ∈ P
Denote
p− = ess inf
x∈P
p(x) and p+ = ess sup
x∈P
p(x)
We need the following result from [28].
Lemma 7.6. Let p : P → (0,∞) be locally log-Ho¨lder continuous with p− > 0 and
p+ <∞. Suppose that there exist constants p∞ > 0 and 0 < a < 1 such that
(7.6)
∫
P
a1/|p(x)−p∞|dµ(x) <∞.
Then there exists a constant C such that
‖Mγ u‖Lp(·) ≤ Cγ
−1/p−‖u‖Lp(·)
for every u ∈ Lp(·) and 0 < γ < 1. Consequently, αLp(·) ≤ 1/p−.
The next lemma follows from [1, Lemma 2.3], [1, Corollary 3.5] and from the
fact that the function t 7→ 1/t is bi-Lipschitz from [a, b] to [1/b, 1/a] whenever
0 < a < b <∞.
Lemma 7.7. Suppose that p : P → (0,∞) is locally log-Ho¨lder continuous and that
p− > 0 and p+ < ∞. Then, for any ball B ⊂ P, there exists a locally log-Ho¨lder
continuous extension p˜ of p|B such that p˜− = p−, p˜+ = p+ and
(7.7)
∫
P
a1/|p˜(x)−p˜∞|dµ(x) <∞.
for some p˜∞ > 0 and 0 < a < 1.
18 TONI HEIKKINEN
Theorem 7.8. Suppose that µ satisfies (1.2) and that p : P → (0,∞) is locally
log-Ho¨lder continuous with p+ <∞. Let 0 < s ≤ 1 and let u ∈ M˙
s,p(·) := Ms,L
p(·)
be
quasicontinuous.
(1) If p− > 0, then quasievery point is a generalized Lebesgue point of u.
(2) If p− > Q/(Q + s), then quasievery point is a Lebesgue point of u.
Proof. (1) Since p+ < ∞, L
p(·) has absolutely continuous quasinorm. By Theorem
1.1, it suffices to show that, for every ball B = B(x, r) and 0 < γ < 1, there exists
a constant C such that
‖(Mγ1 g)χB‖Lp(·) ≤ C‖g‖Lp(·)
for every g ∈ Lp(·). By Lemma 7.7, p|B(x,r+1) can be extended to p˜ on P such that
p˜+ < ∞, p˜− > 0 and (7.7) holds true for some 0 < a < 1 and p˜∞ > 0. By Lemma
7.6, there exists a constant C such that
‖Mγ v‖Lp˜(·) ≤ Cγ
−1/p˜−‖v‖Lp˜(·)
for every v ∈ Lp˜(·). Thus,
‖(Mγ1 g)χB‖Lp(·) ≤ ‖M
γ(gχB(x,r+1))‖Lp˜(·)
≤ Cγ−1/p˜−‖gχB(x,r+1)‖Lp˜(·)
≤ Cγ−1/p˜−‖g‖Lp(·)
for every g ∈ Lp(·).
(2) Denote q = Q/(Q + s). By Theorem 1.2, it suffices to show that, for every
ball B = B(x, r), there exists a constant C such that
‖(M1 g
q)1/qχB‖Lp(·) ≤ C‖g‖Lp(·)
for every 0 ≤ g ∈ Lp(·). By Lemma 7.7, p|B(x,r+1) can be extended to p˜ on P such
that p˜+ < ∞, p˜− > q and (7.7) holds true for some 0 < a < 1 and p˜∞ > 0. Hence,
by Lemma 7.6, αLp˜(·) ≤ 1/p˜− < 1/q and so, by Lemma 6.1, operator g 7→ (M|g|
q)1/q
is bounded on Lp˜(·). Thus,
‖(M1 g
q)1/qχB‖Lp(·) ≤ ‖(M(gχB(x,r+1))
q)1/q‖Lp˜(·) ≤ C‖gχB(x,r+1)‖Lp˜(·) ≤ C‖g‖Lp(·)
for every 0 ≤ g ∈ Lp(·). 
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